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PRE-TRIAL TEST

HIGHER SCHOOL CERTIFICATE (HSC)
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General Instructions Total marks — 96
e Reading time — 5 minutes e Attempt Questions 1-8
e Working time — 3 hours e Question 8 is optional
e  Write using black or blue pen e All questions are of equal value
e Board-approved calculators may be used
o A table of standard integrals is provided

at the back of this paper
e All necessary working should be shown
in every question
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on all working booklets
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Marks

Question 1

(A) Integrate the following,

) J- sin 2X dx
V1—cos2X

(Let x> =2 sec u)

. dx
) I XXt —4

(iif) jl 2X

———dx
H(X* +2X+5)°

. dx
(iv) j edl_e

(B) By substituting x =a —y , show that

I: f(x)dx = J'Oa f (a—x)dx

Hence use this result to evaluate.
(i) [, x(1-x%)"dx
o)

i P COSX—sIn X
(if) > =2

0 1+sin2X
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Question 2

(A) Given Z, =iv2 and Z, =1—2_
=1

(i) Express Z; and Z, in the modulus/argument form.
(i1) If Z, = w.Z, express w in the modulus/argument form.

(ii1) Show Z,, Z, and Z; + Z, on an Argand diagram.

Hence show that

Arg(Z, +Zz):3?”

Use the diagram to find the exact value of tan%z

(B) If Zy, Z, are complex numbers, prove that

z|_I2]
Z,| |z,
. c+2i .
Given a complex number Z = 5 where c 1s real.
c—-2l

Find |Z| and hence describe the exact locus of Z if ¢ varies from -1 to 1.

O Ifw= 2\3i-2 , find |w| and arg w, then indicate on an Argand diagram the

— . 1
complex number w, W, iw, —, -w.
w

Show that W = 4w

Prove that w is a root of the equation Z* - 64 = 0. Find other roots.

12
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Question 3 12

(A) P is the point (3cos @, 2sin @) and Q is the point(3secd, 2tanf ).
Sketch the curves which are the loci, as € varies, of P and Q, marking on them the

range of positions occupied by P and Q respectively as & varies from % to .

(i) Prove that for any value of &, the line PQ passes through one of the 2
common points of the 2 curves.

(i1) Show that the tangent at P to the first curve meets the tangent at Q to the 2
second curve in a point which lies on the common tangent to the two curves
at their other common point.

(ii1) Prove that the two curves have the same length of the latus rectum. 2

(B) Show that the condition for a straight line y = mx + ¢ to touch the ellipse E of 3

2 2
x_2+y_:1
a> b’

is c¢*=b*+a’m?

Hence show that the locus of the point P(x, y) from which the 2 tangents to the
ellipse E

2,2
LA

16 9
and a radius of 5.

are perpendicular together, is a curve with the centre at the origin
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Question 4 12

(A) A function is defined with the polar equation as follows:
{x =8cos’ @

Tco<
y =8sin’ 2

(SR

d
(1) Find d—y in term of @ and show that the graph of this function touches
X

the x and y axis. Sketch the curve.

(i1) Show that the Cartesian equation of that function is 3
22
X3 +y3=4

Show that the equation of the tangent to the curve at the point P( X,, y,) is:
1/3 1/3 1/3 |,1/3

Yo X+X0 Y =4X".Yy
Prove that the segment intercepted on this tangent by the coordinate axis
is independent of the position of P on the curve.

4X

2

(B) Consider the function f(X)=2-—
X“+1

(1) Show that the function is always positive for any value of x. 1
(i1) Find the asymptote (if any) and the stationary point of that curve. 1
(ii1) Sketch the curve y = f(x). 1

(iv) On a separate diagram, sketch the relating curves:
a)y =f([x]) 1
1
= Tx) .
¢)y = In f(x) 1

b) y
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Question 5 12

(A) The area bounded by the curve y=sinx, the two lines y=-x and x=r 1is rotated 6
about the line y=-x. Find the volume of the solid shape of that formation.

(B) A cylindrical timber is chopped at two ends by 2 planes which are inclined 60° 6
and 45° respectively. If the two ends are tilt toward each other and the shortest

length of 2 ends is 120cm. Find the volume of that timber. Give the radius of timer

is 10cm.

% 120 em %

20cm

\I/ 459 600
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Question 6 12
(A)

Two circles intersect at A and D. P is the point on the major arc of one circle. The
other circle has the radius r. PA produced and PD produced meet the other circle at
B and C respectively. Let ZAPD= o and ZACD = f3.

(i) Show that BC =2 rsin (ax + f3). 2

(i) As P moves along the major arc AD on its circle, show that the length of 2
the chord BC is independent of the position of P.

(ii1) If the 2 circles have equal radii, show that 2
BC=2cosa.AD

(B) P is any point (ct, ¢/t) on the Hyperbola xy = c*, whose centre is O.

(i) M and N are perpendicular roots of P to the 2 asymptotes. Prove that 1
PM.PN is constant.

(i1) Find the equation of tangent at P, and show that OP and this tangent are 2
equally inclined to the asymptotes.

(i) If the tangent at P meet the asymptotes at A and B, and Q is the fourth 1
vertex of the rectangle OAQB, find the locus of Q.

(iv) Show that PA=PB and hence conclude that the area of AOAB is 2
independent of position of P.
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Question 7 12

(A) If the polynomial P(x) = x* - 4x> + 11x” - 14x + 10 has two zeros (a + ib) and 4
(a - 2ib) where a and b are real, then find the values of a and b.
Hence find the zeros of P(x) over the complex field C, and express P(x) as the

product of 2 quadratic factors with rational coefficients.

(B) Show that if the polynomial P(x) = 0 has a root a of multiplicity m, then 4
P’(x) 0 has a root & of multiplicity (m - 1).
Given that P(x) = x* + x* - 3x® - 5x —2=0 has a 3-fold root, find all the roots of
P(x).

(C) Find the cubic roots of unity and express them in the form r(cos @ +isin&).
Show these roots on an Argand diagram.
If w is one of the complex roots, prove that the other root is w” and show that

1+w+w =0.

(i) Prove that if n is a positive integer, then 1 + w" + w*" = 3 or 0 depending 2
on whether n is or is not a multiply of 3.

(ii) Ifx =a + b, y = aw+ bw” and z = aw” + bw, show that 2

7 +y +x>=6ab
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Question 8 - Optional 12

(A) A particle is projected vertically upward with initial speed u. The air resistance
is proportional to the speed of the particle.

(a) If X=—(g+kw) with k is the constant, then find the maximum height 2
reached by the particle and the time to do so.

(b) Set up the differential equation for the downward motion. 2

(c) Show that the particle returns to its point of projection with speed v given 2
by

g-+ku
k(u+v)=glo
u+v)=g ge[_g_kv]
(B) Show that for n>1 3
LinZ+2mn>+3m 2+ +nin@) = jp(1ED
1 2 3 n n!
(C) By using the induction method, prove that 3

(35)" +3x7"+3x5" +6 is divisible by 12 for n>1
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J
Jo=
J o=
J o
J e

STANDARD INTEGRALS

e™ dx

COSax dx

sinaxdr

secoax dx

secayr tanax dx

n+l

= o= x=0,ifn<0
n+1

=lnx, x=0
1

=—e™, az0

1 .

=—singx, a=0
i
1

=——cosaxy, a=z=0
i
|

=Emna:r, a=0

1
= Ese':a:r, a=0

|
=—tan —, d#F {}
a’ :r' a
I &
==sin L a=0, —a<x<a
Va® x'
= ln[x+ Vxt—a? ], r=az=0
“'.' X
= ln[x+ vxt+a ]
:r +rr
NOTE : lnx=log€x, x=0
HSC Pre-Trial Mathematics Extension 2 — July 2006
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MATHEMATICS EXTENSION 2

PRE-TRIAL TEST
SOLUTION
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Student Number:

Student Name:

General Instructions Total marks — 96
e Reading time — 5 minutes e Attempt Questions 1-8
e Working time — 3 hours e Question 8 is optional
e  Write using black or blue pen e All questions are of equal value
e Board-approved calculators may be used
e A table of standard integrals is provided

at the back of this paper
e All necessary working should be shown
in every question

e Write your Student Number and your Name
on all working booklets
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Question 1

(A) Integrate the following,

(i)j sin 2X
V1= cos2x
Let w= 1 -cosix | du | 24in2x.
dx
gﬂ__fz—(—‘}— = —‘S‘_‘l_li- ('J+c
Vi-cos2x < )yu

\ .
= - _ / + C
2\’] cos2X

. dx 3
(i) |—— (Letx”=2secu)
j XX —4

Lt x7= 28U 5 d=cos’

(2 secul )I/'%

clx _ 2secu.dainu . (Zser,-u )
du 2,

Wl

I
_ tanu. ((2sec u)B
3

g dx - |J +anu.(259u.l)v5
" - 3

xfx gy (Rsec )P\ o3
_-_-_Lg tanu . du
3 —
ZVSec u -1
= -l- Clu..l = -LL«{ + C
¢ ¢
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1 2X
(i) [/ a5
i |

[ Z.’C;‘r‘lx ”f 2x dx
! ()czqr Zx +=;)‘ [ ((1“)1_'_4)7. )

- -

L€+ x+, = 2tand __ > x = 2t ~{

i% = 2sec 2o.4 e

a C i‘was—rje +ive range

- When x = —| }-hrn-ﬂ_—o_, =0
- When X = | ,~bn€=t, ﬁ=:i-1-
- , /e N A
o j 2xelx _ S I(Zfaﬁﬂ 1), 25ec@, olb
2 v
_‘(x+2f)f~rb) o ( 4 tanie +4)z,.
/4 5
= _f: f (Z+c3n'e —1)sec ©AP
e o Sec 70 A€

[\

/¢
;i;( 2 tanl x ws € coste A
o

1]

rg
{ 2§|‘>\1'?st@ - ll-(l.‘- COSZ’E) de

1
&
?
= —i- ‘;,inlé S R | (;0529 AL
4 22
0 /4
S Y Y- ihj;w“‘]
= P l 2' o
i T, 1 _ 1]
= --Z [(9 + -; + s ‘&)
L
Answer 6 32
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) =X
et u= ¢&
u -x lu = ______(;{)C
A - —e - < u ex

(B) By substituting x =a —y , show that
_[0 f(x)dx = jo f (a—x)dx

Hence use this result to evaluate.

DQ-F; n n'fe, Iln'l'e.{‘q re [
7 a “

Shew +het g ﬂx)dx = g f(&'--x)e‘lx
o o
Let x = & -4 l when x= O | =4
Ax L ' x=a , 4=0
Ay ) -\_

o a
_ ga £la-v )y
= Sa ¥(¢;_:r)c'l;€
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(i) [ xA-xdx

i

g )c(l...x)lle = g (l-.x‘)(l_(t—x)> A x

(=]

. Si (1-x )" x

PR E
=j s = x clx
0

12 4 l

S - S
I ™

o

(ii) ﬁcosx—sinx 2
0 1+sin2X
7 sk T )
Z ) - f 1L _ c,ih( L _x
. _ s (5 — x : .
s X SinX ol x - (z ) Fa Ax
N . s
| + 5in2x v b+ 5“"‘2(;'1)
T2
1 — (o5 X
= f sinX (IX
1+ shn (T 2x)
0
/e
g ginx — /S X I
= (o
in 2
o | 4+ Sinm & X
'ﬂ/z
*.‘ 2: S wt e — Sin X ciX - 8
I+ sindx
Answer = ©
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Question 2

(A) Given Z, =iv2 and Z, =%

(i) Express Z; and Z; in the modulus/argument form.

~ - VZ cis L

] I 2
~ c1) «
zZ, = 2 x'+L: 2(‘1- = I+t
e (R (41 2
n ~ TL
® 2 4

(i1) If Z, = w.Z, express w in the modulus/argument form.

. - We Z
Find W bf Zi = We o2

we
Z2
» lu‘v“ — lz‘l :——-—E:—-: 'L
lz.] vz
Pnrq_(\!\)> _ ‘/.\r‘;]z,‘ _.Argzz
‘ oo T = 1
T A 4 A

(ii1) Show 74, Z, and Z; + Z, on an Argand diagram. Hence show that

Arg(Z, +Zz):%ﬂ

Use the diagram to find the exact value of tan3—7[

1 Z\+ZZ
/
A
a0z RE
’Z, |
’/ ‘ZC:(
2 : 2.
|I
i o Lo
ol L » ” x
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1y ' L Fo
oPc@ & & f”hcw\"nus 5 'Hle'e(c-re_ s bigsecls lev

12 =k

+lence L s50a =

+l~

Anf} ('Z!+Zz) = LXOR 4+ L&oS

- no,z
“ &
- 3
i
In AO3R  tan LZSoR = SR
cR

Hence R 1;\.q%1: ﬁ‘i‘i,

(B) If Z,, Z, are complex numbers, prove that

z|_lzl
Z,| |z,
: C+2i .
Given a complex number Z = % where c is real.
Cc—_21

Find |Z| and hence describe the exact locus of Z if ¢ varies from -1 to 1.

Ereve
2| - 12
Z2 lz_l\
fed £y = | = ets A
= |l
|z | (LOSo(-l- isinX ) (wgrs_ i‘-‘ﬂ'nﬁ\
= % .

_z—.l— lZ&{EU}%F"r Lsfinru\ ((,ogf,_. é%inf)\

N
"

N

Szl s py e isin (< =p))

| =2
2o 1B s (%)
Zz |Z2 |
z | )
ﬂeﬂe-‘ﬂe " prclulua Z = TZ_\
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[Q'I' zZ = C+‘2£’

c-2L
then |z = Velra

et 2, = ¢+2L
then |Z4]= Veidra

e — AL
z, ¢

- lzll - \'C-'a+4 - i

z|
1=l 1% o
Tke,re](’ore , in genersl | the lecua o{.’ z 05 the cire I'e) centre

2 2
a-{r @(.‘@?r\ éhc.\l f‘dd?u_s‘ =4 ) &:‘,ua'{-z‘on 2¢ {“% =4

whenr ~Hhe value of c varles -f—’mm B ) 4.) Lecus an
Z becermer &nig rdl"r O!(’ that circfe} o is Mo an

are fram roi

at shewn in the -fc”cu)lfﬂ -Fiﬁure .

(C:i) 1
B _ ).
it
< N
Y \
h A
\ v
} -t
oo
e=0) |
¢ / )
[
’
s
~ -
~ -
A —
(C: —")

O Ifw= 23i-2 , find |w| and arg w, then indicate on an Argand diagram the

complex number w, W, iw, —, -w.
w

Show that W> = 4w

i A t B which conlaing

the cormen (1,0}

Prove that w is a root of the equation Z* - 64 = 0. Find other roots.

w= 221 -2

S

‘W\:vm:["

-1 2\/; _an
A rg (W) = fon (: ) = _—;
Shew in Ar‘ﬁaho' D‘idjr‘am
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show +ha+ wz_- AW

_ , '
wis (2\@:2 _2) = —iz-8VEL 44

= — (8+8V3L)
AW = 4 (-2-20)F — (8 +8&VEL)
' wa: AW
, simce W~ a4 ws 2
Then wi= alosan = 64
3_64 =

W [&]
Thenefere
f\o 3 ta =0 har real l’a“"effl‘-cfe,n‘fs

atten w
1" then it alse has

.E.ciﬁnomial

= =2+ 2030
lew rect w - o
S 3 = -2 -=2%V31
- le,]: vool which s the ¢onJuﬂd‘iv_ w
o'Hv'Le;f‘ wmlp
The last weet is real e w=4-
Question 3 §

(A) P is the point (3cos @, 2sind) and Q is the point(3secd, 2tan b ).
Sketch the curves which are the loci, as € varies, of P and Q, marking on them the

. . . . V4
range of positions occupied by P and Q respectively as 6 varies from — to 7.

(1) Prove that for any value of @, the line PQ passes through one of the 2
common points of the 2 curves.

2) E(&msﬁ,,’zstne) , & (3secD, 24and) | _% <OLn

x=—3 ¢Y

|(“ 3,0) © (3,0) P
a A
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Eft»te-‘l'fc:‘u o,(,\_ P&
Y - 2sin B - 246\'1'5—25?“‘5

% — 3cwsd 3sech — 3cesh
2sind (secd = 1)
3 cos O (secae-—l)
2aint
3( |+ cosB)

2xsin® — 3y (14 co8t) — 6sinf =0

5;m{>1:fﬂ :

Show thet P& ‘ac_sges +hm-.u3|n cornme b Pern'l‘ (30)
Su B‘Q{_I""u"‘e ( 3)0) i‘h'fo eﬁud’ﬁbr\ OF PQ
6aind — 3x9O ('l+cos€r) - 6snB =0

6sind — 6sin® =0 (True)

-ﬁ"\ei"elfcre P& f:ags.e5 'H"rrcsujl'n (g!o)

(i1) Show that the tangent at P to the first curve meets the tangent at Q to the
second curve in a point which lies on the common tangent to the two curves
at their other common point.

Ii) Equah:on a‘F +anjen4 1o Elltf,se at £

x.cwt O N njs.l‘r\ﬁ _ 1 >
3 2
'Equa-i-wh of 'bn?e_.-d +o -I-I}fp‘zrhcsfa =t =
xsec® _ ydtonb _
3 2 2>
o Divide e.ctua'h:cu\ (1> by cost .
X o Ytenb | 00 (3)
3 Z
rete @ +he ngh cf the seconcl term 4Ysing has 4o ke C_hahﬂgc{
2
to — beceuse € i5 in .z"d alu.aelranf , sin®  and
tand are cﬂwei‘}e sign
o point of intersectren T & (3) —(&) gives
e _ X5l g0 |
ER

_9’('3_( 1 __Se(;e): sect —~1
3

o= =3 !
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Tl’!et‘eé\or@ T lies on “Hne line DG::-BJ which s the
)

commoen ‘iamao,r-"’ o_p ‘E“iFgé andl -Hmber bola ot the

cevnmoen \pox‘v\+ (.— 3,6 )

(ii1) Prove that the two curves have the same length of the latus rectum.

) Lana-H\ ¢{ lactus  reefum :
< 2
. o{ E{“rga : - .
5 4
Ve
e = _5£ R g ( '(Z-)o) .
Gslua-h:oh o.lf loctus rectum = Vs
. 2

ain N 5 4 2_ 6 _
Tntersectron p ts r +~4—==' ) - )3_?_4?
‘r'hel‘e-]:oﬂzj Leng‘i'l'\ ci\ Latus mc"{'um o_F ‘E“ir‘;e_
- £
L= 3
2 2
: e 4 )
. o‘F —HﬁPer‘x-fa‘ - - _;:
e s (V5,00 pe= V12
e = —--g ) ' )
2 2 b -+ 4
. v _ = — =T =
Tnter section ch‘fs ‘;5 "'Z' =\, 47 d EY

LenejH« o.F lactus riac+um L= 23: 5

Thg_r.g{-cre , the 2 aarves
Rﬂ;-h.am .

tus
care lergth of boe

(B) Show that the condition for a straight line y = mx + ¢ to touch the ellipse E of

2
X .
—2+—y2=1 s C
a- b

2

2 =b2 +a2m2

Hence show that the locus of the point P(x, y) from which the 2 tangents to the
ellipse E

2 2
X . . . ..
16 + y? =1 are perpendicular together, is a curve with the centre at the origin

and a radius of 5.
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ccncll+fch e be o '}Ahﬁan‘l‘ o an elhrbse_

_f&ih‘l’ Q‘F ih'f@l‘sec'{“[cn .
3&:+ (::3&;9 T
o b

2 2 2y 2
2 azmzxa+ Zazn—xcﬁc + & C —abk" = O
A

2
b e N
(boeatt) el v (225me)= ¥ (a%F-2%7) =0
+a
2 2 2 2; 2
Diserimminant : A = Zdemc)z-' 4(‘5’2“"91""‘ )(éc —a%h".

4 4 2.
4-34‘m2'cz_ AazEZcz+ aa’b T _ 43 me
N 4a4bzmz

To be o +3hﬁe,h+ , the line lhas chl\j che  cormein

Foir\’t with  the el[tra&e or A=0
£0%( piralm® —ef) =0

2 2 ll
(‘.2: l> +e MJ

A =

8
CA-Y

o Lecus Oi PC”."}I)
Le‘; ealue--l-tch clt +ah(j'0,ﬂ+ ‘Hwoujh i (x'g)

Y= mx + C

CZ = Lz'i'd}_ma
l/ls[rﬁ coneli tten above =

CL: 64-[6"“2

Y

“ Yy= mx+ (‘3+|émz).

So'v;'r-ﬁ é_cruo-h:ch i terms OF [ a)
(lj—mx){z a4 ibm’
g +lbm?

132-{2"_13)% + mis?® =
QRuaclratre .e_qua-lfe_n 2
mz(xa-—!é) -—-thfm "'(t:l —‘3);4:)

Since from exterral f’cf""[ Plx,4) , +here are 2
]

with ﬂr‘c\ahen"l' ”m, ard My, o  the EIIEPSe

-bnﬁe mts

The +éhﬁ€h+$ Are FarFanclicu(ar N +hen m x m, = —1

p{‘ the cbove quaelratie equd‘lfon]
M)L\Xc‘v s

| ard m, are 2 roots

tHheir Fmaluc‘l' (myxmg ) s eﬁual _éc._

o M
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2
_ v -9 _
mAam, = = 1

%16

2 2
There fore l x4y o= 25

R N N e - &
S +he lecus o,F P s a crele with radius

Question 4

(A) A function is defined with the polar equation as follows:
{x =8cos’ @

iy <
y=8sin" @

|
SR
A
(SR

(i) Find d_y in term of @ and show that the graph of this function touches
X

the x and y axis. Sketch the curve.

Fed <4 , using chain rule

dx

. R
2 Ay db _ 24 cosPxsin b
M- T o x— = - B
% ) Ax — 24 sinbx cos

Ax cosb
dy =& =0
a Wlﬁen 6:0 > —;T.;=O 3 ) -5

), The tongent ot the X intercept (8,0)
's horizontal )cR the curve touches

X axis

dy =0 =xs8
.Wlﬂe.h e: j% ,;—g:w ) ) ‘ﬁ

o, The +amjerd‘s st the Y in'fercerﬁs
(o,t&) ' vertical | ok Hhe curve

touches Y axis at 2 points

Petrus Ky College HSC Pre-Trial
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(i1) Show that the Cartesian equation of that function is

202
X3 +y3=4

Show that the equation of the tangent to the curve at the point P( x,, y,) is:

1/3 1/3 1/3 .1/3
Yo X+Xoy=4Xy".Y,

Prove that the segment intercepted on this tangent by the coordinate axis

is independent of the position of P on the curve.

Cl—;amje e cartesian form

i3
6056 = _x_..
A
EY
gind = ..Ié....
2
Then :
ces’0 + sin’d = L
2/3 2/3
E I B
4 4
2/3 23
R pe + Yy = 4
'Er.:lbté-l—fon cF ‘|‘-=\-maen+ ot PC:CO) Y, )
1
3ince dy sinf ..5/3‘
Ax cos @ x 3
g,
(jr‘anlianf c.F +anaen‘f mT = _ OV%
o
qul-{d‘['l.‘bh o{l +6hﬁeﬂ+ y
Y- =~ n/g(x'"xo)
%
Y3 V3 4 V3
Koo =Y Xy = =Y e+ XY,
V3 Y3 Va x‘/a
a'a q'x_kxp'\'j"—' maljb‘i“tﬂao
vy V3 2/3 2
= o ‘L&o (xc + Ljo )
Y3, Y3
= AX .Y,

Eq‘w‘}ic:h of ta nc:]en+

Y /3 3
"ja?x+xo"j24xo‘lﬂa

Petrus Ky College HSC Pre-Trial
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X are Y Lh'*vtcar‘ba a# He +an3en+ .
3 V3
. in'[‘e}{cel? > Y= o} ) " = A.xo

I
Y interwept , m=o Y= 4y,

Lewgth of XY seqment = \/ (a2 )10 (ay¥2)?

- \/ 16 ( x:'g + ’-jam)

= v*'é“A_ = g
Then /eng% /s J'ncv/ep.ehdeh?l of (=,, ffo)

4X
(B) Consider the function f(X)=2-—
X“+1

(1) Show that the function is always positive for any value of x.

Show +Haat f[x) is PoSiHve oleanf{‘e
| "}e‘(x,) = 2xfs 2 — AR p(xf_2x +1)

o 24y re 4 |l
2
4?(”) = 2! 76"‘) a—'w&js ﬁraa'fer cr .equa(
*© l+ l Zerwo .
(i1) Find the asymptote (if any) and the stationary point of that curve. 1
A55MF+G+€ ¥ R

Limit le)= 2 -2 2

Herizental aSij+o+e llj: 2 I

2
Shﬂ-fonarj I::arr\’f' : ffo) = —?'-xiz;)j%
+1

when 2 = t L, f/(x) =0

ﬁj?—' © oR 4
Mo ximuim Fth+ (- L 4.)

Mini mum f’°fﬂ+ ( l)c’)
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(ii1) Sketch the curve y = f(x).

(iv) On a separate diagram, sketch the relating curves:
a)y =1f(|x])

) \//
o o L L

c)y =In f(x)
Y= In ;F(x)

Y= 2ln2 JT

AN

I
|
_’ \j-|n£
!
- -
|
|
|
|

el
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Question 5

(A) The area bounded by the curve y=sinx, the two lines y=-x and x=7 is rotated about
the line y=-x. Find the volume of the solid shape of that formation.

AY
=s51nX
xﬂ sin
’/’ ™ 2
e
/- /-
pl p
£
£
e

The solidd SAape can be vicled by 2 S?bdf‘afeef Volumes

1) The |$-§ F"r+ “SFCDGIMCQCI l;.j .no'}.,rh‘na area  beounaledd fmj

Hhe eurve V= sinx2 +he PQPPénalrcqur‘ lene  about He Ulne

.j:_.x as shown in the fc‘(owtn& .Frjure

4
( Ny, dh
N
, (x':‘ﬂ)
0 > D¢
\\/ N
&R
===

B‘j ugfyj fh& $[L.C;hj H\afﬁcol N M Sl{c,e_ is a r_,feee
oqf ajlrncfw R with velume s

JV= trYh

with R 15 the Fupéhclfcu(ar distance PA +¢ the
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L“n‘,_ \j-_--—r of ;!?..t.lj.:()

R-—"‘: PG = lx*‘-’i‘ '

V2 / Jh
Caleulate o“ﬁ LIJ +he F‘jur-t:
dh = VZ.Ax J—“'f’—'
’é--—'lp

o av = (:»cq-lj)z.ﬁ'.olx Ax

(2e .(-einx)&.ﬁa!x

o2
VZ e 2 + 2(2 sesinx +Bsin’ 3¢ ox

n

n

Tﬁm&{ora 3 -
v: liwt 2 AV < j f}_',zz.f 22 x sinx’-\-ﬁ.’sihzx oA
o

dx ~o

Thete ane 3 Aafuara{wf Eh+€.8h-:{§.~
T
® Jﬁ)ﬁzdl = __@T[,ﬁf
2
o

- i

s
5 Eﬁx.gint atx = \_-xm&x +‘3Ther

o

o

L Tt
a g \GStnzx_é;tX = {-E[yc——}_{gn.?x] = %ﬂ.
o

@

3
Tt'\ﬂfcre \/:_?n{]_f *’EQE*_%H": A, 34 u

B) The 27 pert of el il e et amular one

adius ord  the L‘&fjcd ‘-‘1)"“1 o L

with  the z

J"V'b' TL

Petrus Ky College HSC Pre-Trial Mathematics Extension 2_Solution — July 2006 Page 18 of
30



\/: —é TLR‘Q#\,

2
$n(E) (%)
"4-11—4: MW 49 M%

GVz

The velume o“[ a  econe

n

T a - . it eub
Total velurme o'lz the Soltoe sh .bf = RB2.8 um ¢

(B) A cylindrical timber is chopped at two ends by 2 planes which are inclined 60° and

45 respectively. If the two ends are tilt toward each other and the shortest length of 2
ends is 120cm. Find the volume of that timber. Give the radius of timer is 10cm.

e——— 10 m ——

W2y
J 45" 60°

Nelume cq[ a c[-zorrecf c\jiind"f-‘—*df Hmber

The total velume can be elivicled by 2 Farh|
are the peces o{f timber whech are clnorrmp

The 2 ends
o balf , and the  bedly b the full eylineler .
. One end :

N = énlo&xxo = loeo T
o Other end : s similer )ameff +Hhe {@‘3(4\ % Hhat pece

s 20 o
(2
V= %ﬂ lox 20 . locom
£ G

Petrus Ky College HSC Pre-Trial Mathematics Extension 2_Solution — July 2006 Page 19 of

30



s 1119, ‘oool\j is the {au c,\jhnolefl

2
V= Tlxlo x\20 = 12000m

T"\we,fore total velume

V: locett + lcce
g T = ARk em
V= 42,65 Lite
Question 6
(A)

Two circles intersect at A and D. P is the point on the major arc of one circle. The
other circle has the radius r. PA produced and PD produced meet the other circle at
B and C respectively. Let ZAPD = o and LACD= f.

(i) Show that BC =2 rsin (ax + f3).

From cenfre © 5 draw oM 1 biseets BC

(éhjb 6* +l’|£, Cel‘\+r¢ \

LBoC = 2 LBAC
LA = L+ B (extilof o pck)
o oLkec = 2(x+8)

L & M 9("'(; ('l\'\ fsoceles FaN ged )
» O =

; M
s OBM , sin(Lep) = —z—-——

Th affj"‘_l ouxj\e &

- BM = r.sin (a(-{-ﬁ)

Then gC = ZeM = 2"-3"’"'(’(1*(5)
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(i) As P moves along the major arc AD on its circle, show that the length of
the chord BC is independent of the position of P.
Prove BC is in cfeFanolen‘l' o‘i the pesi ton of
P
Since AD s common chovol o\]C both  circles
Ad A constand ) ‘H\@Zefcr‘t c'\"jlé L ard f

subtend AD eon bothh circles will  be

COhS'}éy\_" 5 ro
reafter o{f P woves c\\ov\ﬂ o are . TFLg;ze,{_‘cm lornqth oi
ge  will not c‘\érﬁé 5

(iii) If the 2 circles have equal radii, show that
BC=2cosa .AD

I{ He 2 circles are the same , then

a(=F, ( evﬁlas subterd ecraa[ ares

Hence BC = ZFSi‘h—?F( = 2r. 2sind, coso(

Deaw OF _L bisects AD

2

L hovw = B

- N N
B n I Aon g = ..e'—-.
ence i ) HF oA

AD = .’(rsan[%
Since Q(:F , $hen AD = Arsine«.

Subshb‘i‘g [ni”a &C

' e = 2 AD cosX

(B) Pis any point (ct, c/t) on the Hyperbola Xy = ¢’ , whose centre is O.

(1) M and N are perpendicular roots of P to the 2 asymptotes. Prove that
PM.PN is constant.

(i1) Find the equation of tangent at P, and show that OP and this tangent are
equally inclined to the asymptotes.
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(ii1) If the tangent at P meet the asymptotes at A and B, and Q is the fourth
vertex of the rectangle OAQB, find the locus of Q.

(iv) Show that PA=PB and hence conclude that the area of AOAB is
independent of position of P.
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Question 7 12

(A) If the polynomial P(x) = x* - 4x> + 11x* - 14x + 10 has two zeros (a + ib) and 4

(a - 2ib) where a and b are real, then find the values of a and b.

Hence find the zeros of P(x) over the complex field C, and express P(x) as the
product of 2 quadratic factors with rational coefficients.

P(x) = ¥ axP e’ lax v10 Witk 2 zeres
(at+ib) and (2 ~2ib ), then fodd 2, b

AF\"H Hhe cov\;&uﬁé'{e zeros |, P(x) has o%f 2

zeros  which are ccnjuﬁaiz do dtw above . They are

a-ib and a4+ 2ib . Lt P(x)=0

9&4—49&5+ e —lx +10 =0

s = - &
T'L-.Q,Sumc{_‘%""ws

a

a+ibh +a-ib ya+2b +a-2b = 4

48 = 4

a=1

The Proaiuc‘b o.g 4 reots = £

a
G+ibd(1-ib)(t+2ib)(t-2ib) = lo
G+ b2 )( (+4b ) =10
4b %4 50°-8. =0
(ab?43)(b°—1) =0
Li- 1
L= A

o Tl-\ere(fore , 4 =eres o«‘[ P(x) ave A+i, t-(,

tazi, -2

s —Factorise Pl > in real set .

P(:c>= (x—l-t-i)(x_.t-i)(x—l+zi,)(x_;_;u_\‘
= (@c—-l)z+‘)((x—t)2+4)

! M) = (oe2-22 12)( x2_2x+5)J
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(B) Show that if the polynomial P(x) = 0 has a root a of multiplicity m, then

P’(x) 0 has a root & of multiplicity (m - 1).
Given that P(x) = x* + x* - 3x® - 5x —2=0 has a 3-fold root, find all the roots of

P(x).
B) If  P(x)=o  has x=<
(x_l,()"‘.acx) with s the

Mu[HPIfcIH
T agy + (x-0)"80)
). &'

as a Mq[‘H.'BlQ ren‘l")‘lﬂm

P(x) =

Py = (e =)

P(x)= (De "°(>m~||:‘m-&f") 4+ (-

o s also He reat

Le_l_x‘__a[’ Pf(a(> =O; s

4 3 2__, ¢.-2=o
A Rlxd = e wx = 3x =

2
Pf(x')z 413*' 3’ —bx —5

i’ny): (2x 4 bx -4 =0

(2 -D(x+D =0
|

x = 1l er
e B> ard PCO e gt

gubs-\-ﬂu%e a = = »
R = P =0

o fiby - 3
° m o=~ s & m,u“'ir/le reot ma.lu‘lr u:\ln:[ .
. th 4+ be using Hie sSUM o{'
Let the 4 o ,
T iy 3
rw * kw3 + < = -1
A = 2
{ ._»l anral 2

ANl Ve roots are -4,

(C) Find the cubic roots of unity and express them in the form r(cos @ +isin ).
Show these roots on an Argand diagram.
If w is one of the complex roots, prove that the other root is w” and show that
1+w+w =0.

Petrus Ky College HSC Pre-Trial Mathematics Extension 2_Solution — July 2006 Page 24 of

30



(i) Prove that if n is a positive integer, then 1 + w" + w** = 3 or 0 dependin 2
p g p g

on whether n is or is not a multiply of 3.
Q) Frd e eube reck  of unity
/23/ :/2'/3-:—/ -'.‘ /Z'.'/:/

lel  x= ersd + £5m8

13:4

73 co30 + £SH30 = A
crde =1
36 = < ’22/ 47
P - o, ,e_f'&) _%2_2
7&,3@:-95&1'—45: Z = daj@-ﬁ:ﬁﬂ:d:.f'
2

W= e 2Ry sia R
32 3

Z =
2= Wiz apt 42, [S.Ihi?:
3
Since z3_4=0
A
fum ¢a['3r;m73:-; =0
JhRen A+ U+ UJﬂaso
2h

o Show #o7 |4+M.)h__;.u)

e &) ty n is a mu/ﬁ/‘oz@ cif 3 lo?

= :?/2
n 2N 3)}’( 3\2P
thon d+ W ) = /-f-(w + w)
= /+4+/=3
3 J)
(S‘fnc'é w =
g d'.f) ;7[' I3 is el A )Yu..(/ﬁ/\azﬂ ?& =2 > Jef
n-= 3Jp+f = 3’;4-{
. an 3p <1 ép¥ R
m-r\ »(-f-l’l/n-f-w = /-i‘-MJP _;.pUP
= 4’+W5.w+ w Fw >
= 44+ W 4+ W
= O

(ii) Ifx =a+ b, y = aw+ bw” and z = aw” + bw, show that

7z +y* +x>=6ab
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Lf = a+h , 4= aw + bw? and z = awlibw

Show et =% vyl x? = bab
. 2% (C(wa'l't’\‘u) = azw++2a|nw3+gaw‘
- a'w 4+ bw’ + 22k o)
. yz: (ow + bw’) = aiwl 4 20bw? 4 LEw®
- alw?s bfw 4+ 2ab (2D
o %=z (e 'u)a = a’+ b% 4+ 2ab (%)
. z% . 72+ ¥2 = Gz(l#wq-wz')-\- laz(|+..u+w*)+£ab

= SAIB

Question 8 - Optional

12
(A) A particle is projected vertically upward with initial speed u. The air resistance
is proportional to the speed of the particle.
(a) If X=—(g+kw) with k is the constant, then find the maximum height 2
reached by the particle and the time to do so.

Verheal Praojcc‘\"i[e rmetich -

a) Reoject upware .

?CJ\ E?ua‘ifon OF metion
vely
a= = —-—g —kv
dx 3
J"ﬁJ-—'F—V VdV = --al'—\(
3+kv
Vel _|§FV+GGW’_‘3_5AV = —X+C
- k k\f—i-a K k\""ﬂ
=
x=0
Sox 4 o= 3 Im(lw'-i-g)—-i
K* ke
Wl’\en X = v = U

> 3

q u
Cz_lh ku + )——-—
K ( 1 K
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Maximuw height | when veo , x = H

H= Y% 4+ 2 tng - % bn(kusg)
L e 8 T ( E
Me W - % n(kuts)
k K 9.
(b) Set up the differential equation for the downward motion. 2

b) E)DWP" W r¢( W\a‘i’fc.n

Equaten o motien
x.:O) V=0 ﬁ {

a = g_kv

+ =
% { hald :(abc
3Akv

——————

- kv
kv
__[_f *3‘619'-"[ ﬂci\f = s
K g - kv q-kv
Xl:H)V:V v
Aoxxc= - Y L F g kv
kK" (4 )
when x = , V= O

when 9¢ = 5

¥ .9 3 on f ku _39 _ .V 1
" "';,)/‘3";13 (ku+g) == "9 ";”E'“(ﬁ‘kv)

Srml:]if\j boty sicles 53 k2:
ku 4+ kV = ﬂ?n(ku+ q) — ﬁlh(tj-—k\")

aV) - ﬁlw[;‘f_:ﬂ/

u
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(c) Show that the particle returns to its point of projection with speed v given o
by

g-+ku
k(u+v)=glog [=——
u+v)=g ge[_g_kv]
(B) Show that for n>1 3
1.lng+2ln§+3lng+...+nln(n+1)=ln((n+'1)
n n!

Show Hhat for n> A

n
(% 42102 43102 4 -u+h|n(2+—'): fm(’”"l '
\ 2 n nh

n

2 3 \
n(2)+ In(&) + In(5) 4+ bn nt)

3 4 -t , N \n
[n{:zl.&z.df.g...“n .(n-n)

LHS

n

n=-t n
|.21.33. s*5% .. (n=1)"un

Siml:bi'lfj Yhe indices oF Hre ‘{‘aip an A

in [(Ml)n Jf - In (Q!fljn) - RHS

led 3. n

LHS =

(C) By using the induction method, prove that 3
(35)" +3x7"+3x5" +6 is divisible by 12 for n>1
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STANDARD INTEGRALS

n n+l .
xtdx = X nzE—1, x=0,ifn<0
) n+1 ! ’ !
"1

—dx =lnx, x=0
Jx

ar ] feky

ey =—e7, az0
) a

1 .

cosax dy =Esuwu, a=0

. 1

sinaxdr =——cosaxy, a=z=0
) a

5 1
secTardx =Emna:r, a=0

1
J secayr tanax dx =Esem:r, a=0
|
=—tan""'—, a=0
at+x% :r' a
I &
==sin L a=0, —a<x<a
«v'a x'
.2 2
=lnjx++x"—a" |, x>a=0
1-‘( —a’
{ 2
J = ln[x+ vxt+a ]
:r +rr

NOTE : lnx=log€x, x=0
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